If a graph G has at least one total [1, k]-set then the cardinality of the smallest such set is denoted by γ t[1,k] (G). We consider [1, k]-sets that are also independent. Note that not every graph has an independent [1, k]-set. For graphs having an independent [1, k]-set, we define [1, k]-independence numbers which is denoted by γ i[1,k] (G). In this paper, we investigate the existence of [1, k]-sets in lexicographic products G • H. Furthermore, we completely characterize graphs which their lexicographic product has at least one total [1, k]-set. Also, we determine γ [1,k] 
Introduction
The concept of domination and dominating set is a well studied topic in graph theory and has many extensions and applications [16, 19] . The problem of finding the smallest dominating set of a given graph G is an NP -complete problem. Beside practical applications, this problem has many theoretical applications, e.g. in the theory of NP -completeness, many problems are reduced to this one. Its practical applications also include location problem, sets of representatives, monitoring communication, electrical networks, social network theory and so on [16, 17, 19] .
Many variants of dominations have been proposed and surveyed in the literature such as total domination [20] , efficient and open efficient dominations [2, 9] , k-dominations [5, 12] , rainbow domination [3] and others like [1, 4, 16, 18, 29, 30] . Most of these problems are shown to be NPhard [2, 4, 18, 30] .
In graph theory, constructing complex graphs from some simpler ones is challenging, however it has many applications. So, studying properties of such complex graphs and relations between properties of their components is an interesting topic studing. This topic has led to many long-standing open problems such as Vizing's conjecture on the domination number of Cartesian products [15] . Standard products such as Cartesian, lexicographic and strong products have been studied and applied widely in many areas such as group theory, expander graphs and graph-based coding theory schemes [13, 21, 22] . Moreover, various types for dominating sets of products of graphs were intensively investigated in [8, 11, 14, 20, [23] [24] [25] [26] .
Recently, Chellali et al. have studied [j, k]-sets [7] , independent [1, k]-sets [6] and proposed total [j, k]-sets in graphs. They have also pointed out a number of open problems on [1, 2] -dominating sets in [7] . Some of those problems are solved by X. Yang et al. [28] and AK. Goharshady et al. [10] .
In this paper, we study of total [1, k] -sets and independent [1, k] -sets of lexicographic products of graphs.
The rest of the paper is organized as follows: In Section 2, we review some necessary terminology and notation. In Section 3, we determine [1, k] -domination, total [1, k] -domination number and [1, k]-independence numbers for some some classes of graphs such as paths and cycles. In Section 4, we study total [1, k] -sets of lexicographic product of graphs and then, we completely characterize graphs which their lexicographic product has at least one total [1, k] -set. Then, we determine the structure of all total [1, k] -sets for these graphs. Moreover, we generalize these results to independent [1, k]-sets. In Section 5, we determine [1, k] -domination number in lexicographic product of two given graph, and total [1, k] -domination number and [1, k] -independence number in lexicographic product of graphs. In Section 6, we prove that finding a total [1, 2] -set with minimum cardinality for a graph is NP -complete.
Terminology and Notation
In this section, we minimally review some required terminology and notation of graph theory. For notation and terminology that are not defined here, we refer the reader to [27] . In this paper, G is assumed to be a simple graph with vertex set V (G) and edge set E(G) of order n = |V (G)|. For a vertex v ∈ V (G), the degree d G (v), or simply d(v), of v is the number of edges that are incident to v in G. We denote the minimum and maximum degrees of vertices in G by δ(G) and ∆(G), respectively. The open neighborhood N G (v) of a vertex v ∈ V (G) equals {u : {u, v} ∈ E(G)} and its closed neighborhood Let S ⊆ V and v ∈ V . The spanning number of v with respect to S, denoted as SN S (v), is defined |N G (v) ∩ S|. Whenever there is no risk of misunderstanding, we omit S and simply use
A set D ⊆ V is called a dominating set of G if for every v ∈ V \ D, there exists some vertex u ∈ D such that v ∈ N(u). The domination number of G is the minimum number among cardinalities of all dominating sets of G and is denoted by γ(G). A set D ⊆ V is called a total dominating set of G if for every v ∈ V , there exists some vertex u ∈ D such that v ∈ N(u). Total domination number is the minimum number among cardinalities of all total dominating sets of G and is denoted by γ t (G).
For two given integers j and k such that Table 1 : Some types of domination studied in this paper where S ⊂ V .
sets of Paths and Cycles
In this section, first we express some results about [1, k]-sets for paths and cycles. Then, we determine γ [1,k] , γ t [1,k] , γ i [1,k] for these graphs.
Proof. Let v ∈ V of degree n − 2 and there is a vertex u ∈ V , such that {v, u} / ∈ E. Then, there exist a vertex w such that {v, w} / ∈ E and {w, u} / ∈ E. So S = {v, w} is a total [1, k]-set for G.
Lemma 3.2. Let G be a connected graph with two adjacent vertices u and v such that
Proof. By lemma 3.1, the proof is clear.
Lemma 3.3. Let T be a tree such that the complement of T , T is a connected graph. Then,
Proof. Since each tree like T has at least two leaves like v and u. Then {v, u} ∈ E(T ) and
Lemma 3.4. Let G be a non-trivial path P n or a cycle C n . Then
if n ≡ 3 mod 4,
Proof. Let n > 2. Since ∆(P n ) = ∆(C n ) = 2, then total dominating sets are total [1, 2] -sets, too. Obviously, we have γ t [1,k] 
It is easy to see that γ t (G) is equal to the claimed amount. Moreover, each γ-set for a path or cycle is independent, so
]-sets of Lexicographic Products of Graphs
The lexicographic product of graphs G and H, denoted by G • H is a graph with the vertex set
So in this section, we always assume that G is a connected graph. In this section, we investigate properties of graphs G and H such that G • H has a total [1, 2]-set. Then we extend these results to total [ 2] , or vice versa. Example 4.1. Let G 1 , G 2 and G 3 be graphs that are shown in Figure 1 . It can be verified that S = {a, f, g, h} is an efficient dominating set of G 1 and
. As we will show in Theorem 5.1, there is not any graph H such that
Definition 4.2. Let H and G be graphs. The sets 
Proof. We know that
It is easy to see that
and
By hypotheses {v, v ′ } ∈ E(G), we have
So by Relations 1, 2, 3 and 4, it is implied that
The equation above shows that the union of neighbors of the vertices (v, u) and (v ′ , u ′ ) is independent from u and u ′ . Therefore, we have
. This is a contradiction. So there is not any vertex adjacent to v. Since G is a connected graph, G = K 1 = ({v}, ∅) and
Let G be a nontrivial connected graph and
The set D satisfies in one of the following conditions:
Proof. The proof is by contradiction. Assume D is a total [1, 2] 
is not a total set of G. Then, we have three cases to consider.
1. There exists a vertex like u ∈ S such that |N(u) ∩ S| = 0. It means that there is no vertex
There exists a vertex like
Moreover, there is no vertex w ′ ∈ N G (w) such that w ′ ∈ S. Therefore vertices of H w can not be dominated by any vertex in D, which is a contradiction.
3. There exists a vertex like w ∈ V (G) \ S such that |N(w) ∩ S| > 2. Then, there are at least three distinct vertices w
These vertices dominate all vertices of H w , which is a contradiction.
and H does not contain any isolated vertex. Then, there exists
Proof. Let D be a total [1, 2]-set of G • H which contains at most one vertex from each H − Layer. Since H does not contain any isolated vertex then by Lemma 4.5 there is a 1-dependent total
where H does not contain any isolated vertex and for any total 2) The set 2] ; there are three cases to consider.
is not a total [1, 2]-set for H. Then two cases occur and in each case, we can establish a contradiction with D is a total [1, 2]-set.
2) Suppose that S ′ = {v : (v, u) ∈ D} is not a 1-dependent [1, 2] -set for G. Then, three cases occur and in each case, we have a contradiction with D being a total [1, 2]-set.
-There is a vertex v ∈ S ′ that is dominated by at least two vertices
Then there are at least three
and S is an efficient dominating set of G.
In the sequel SD
Corollary 4.9. Let G be a connected nontrivial graph and D be a total
, one of the following cases holds:
• If A • If A •
′ in G such that for any vertex v ∈ S and u ∈ X where X = {x :
Proof. This corollary is a direct result of Lemma 4.3, 4.5, 4.7 and 4.8. c) There is a vertex w ∈ S such that (w, 
To this end, we consider two cases: a) For every vertex v ∈ S, |N(v) ∩ S| = 1: So, it is clear that for any vertex (v
Then following cases can happen:
b) There is a vertex v ∈ S such that |N(v) ∩ S| = 2 and u ⋆ is an isolated vertex in H. For every vertex v ′′ ∈ S and {v
3. Let S be an efficient dominating set of G,
Suppose that S ∈ SD
By definition of D, It is easy to see that for any vertex (v, u) ∈ D, there is a vertex (v
So, D is a total set of G • H. Now, we must show that D dominates all vertices of G • H at least one and at most two times. It is clear
. We consider three kind of vertices and we will show vertices of each H − Layer are dominated by at least one and two vertices of D. ′′ ∈ S such that {v, v ′′ } ∈ E(G) and it is contradict to 
Total [1, k]-set of Lexicographic Product of Graphs
In this section, we express necessary and sufficient conditions for the given graphs G and H such that G • H has a total [1, k]-set. The Lemma 4.4, 4.5, 4.7 and Corollary 4.9 are generalized to total [1, k]-set. Since proofs in this section can be similarly obtained from the case on total [1, 2]-sets, we omit them.
c) If H does not contain any isolated vertex and S = {v ∈ V (G) : (v, u) ∈ D} is not a total set of G, then D contains at most k vertices of each H v and satisfies the following conditions:
c1) The set S ′ = {u ∈ V (H) : (v, u) ∈ D} is a total [1, k]-set of H with cardinality to at most k and there is a vertex x ∈ S such that 1 3. G is an efficient domination graph and 
Some Result in independent
2. G is an efficient domination graph and γ i [1,k] 
On [1, 2]-domination number of Lexicographic Products of Graphs
In this section, we first describe the relation between the domination and total domination number of G • H with respect to domination and total domination number of its components. Then, we use this relationship to compute γ [1, 2] (G • H) and γ t [1, 2] (G • H). At the end of this section, we generalize results to γ [1,k] 
Theorem 5.1. For two arbitrary graphs G and H,
if G has a total dominating set;
Proof. Let D be a γ-set of G • H and S = {v : (v, u) ∈ D}. If S is not a dominating set of G, then there is a vertex v ′ ∈ V \ S which is not dominated by S. It is easy to see that there is no vertex
′ ∈ S and which is a contradiction. Therefore, S is a dominating set of G and γ(G • H) ≥ γ(G). Suppose that γ(H) = 1 and S is a γ-set for G. Then, there exists a vertex u ∈ V (H) such u dominates all vertices of H and
Assume that there is a vertex v ∈ S such that |N G (v) ∩ S| = 0. Then, there is no vertex like (w, u) ∈ D such that {v, w} ∈ E(G). By γ(H) > 1, there are at least two vertices of
Theorem 5.2. Let G and H be two graphs. Then G • H has a total dominating set if and only if G has a total dominating set. In addition 
Let D be a γ t -set of G • H and S ′ = {v : (v, u) ∈ D} is not a total set of G. Then, there exists a vertex x ∈ S ′ and two adjacency vertices y, y
Similar to proof of Theorem 5.1, we can remove (x, y ′ ) from D and add (
we can do this process and construct a new total dominating set D ′ for G • H such that its cardinality is not more than
Since the set S ′′ = {v : (v, u) ∈ D} is a total set of G and |D| is a γ t -set of G • H, then we have
Therefore, by Equations 5 and 6, we have γ t (G • H) = γ t (G).
In Lemma 
Case 2: H does not have an isolated vertex: a) If γ [1, 2] (H) = 1 and S is a 1-dependent [1, 2] -set of G with minimum cardinality, then
Proof. We just show the first case, since the second one is easily obtained given the first.
Let u ⋆ be an isolated vertex of H. We claim that if none of the following conditions are met, then γ [1, 2] 
We continue this approach and since V (G) is finite, it will terminate as soon as all vertices are visited. So for all v ∈ V (G) we have
. Therefore, γ [1, 2] (H) = 2. Now, we have two cases to consider. Proof. The proof is similar to the proof of Theorem 5.4.
Example 5.6. Let G 1 and G 2 be two graphs shown in Figure 2 . 2] , so for any graph H such that γ [1, 2] (H) > 2, γ [1, 2] (G • H) = |V (G)| × |V (H)|. Since G 2 has a total [1, 2]-set but it does not have any 1-dependent total [1, 2] -set, so for any graph H without isolated vertices such that γ [1, 2] (H) > 2, we have γ [1, 2] (G • H) = |V (G)| × |V (H)|. For nontrivial path and cycles, by results for lexicographic products of graph, the following results can be obtained.
Corollary 5.9. Let P n and P m be two nontrivial paths. Then, γ [1, 2] (P n • P m ) = ⌈ 
Since each v i j dominates only three vertices of {x 1 , x 2 , ..., x 3q } We have to select exactly q vertices of them, i.e. we select q 3-element subsets of form {v i 1 , v i 2 , v i 3 } and one element of each of them. Each of this v i j correspond to a C i and union of them is a exact cover for C. Example 6.2. Let C = {C 1 , C 2 , C 3 , C 4 } = {{x 1 , x 2 , x 4 }, {x 3 , x 5 , x 7 }, {x 4 , x 5 , x 6 , x 7 }, {x 6 , x 8 , x 9 }}, corresponding graph was shown in Figure 3 . 
